Let A be an abelian group. An abelian group G is locally Aprojective if every finite subset of G is contained in a direct summand P of G which is isomorphic to a direct summand of ΘiA for some index-set /. Locally Λ-projective groups are discussed without the usual assumption that the endomorphism ring of A is hereditary, a setting in which virtually nothing is known about these groups. The results of this paper generalize structure theorems for homogeneous separable torsion-free groups and locally free modules over principal ideal domains. Furthermore, it is shown that the conditions on A imposed in this paper cannot be relaxed, in general.
Introduction and discussion of results. In 1967, Osofsky investigated the projective dimension of torsion-free modules over a valuation domain R. One of her main results in
is that a torsion-free i?-module M which is generated by # n many elements has projective dimension at most n + 1. [F2, Proposition 3.2] emphasizes that it is necessary to assume in this result that R is a valuation domain. However, one of the initial results of this paper shows that these conditions on R are by far too strong (Proposition 2.2).
For this, it is necessary to extend the concept of torsion-freeness of modules over integral domains to modules over arbitrary rings. The obvious way to do this is to call an i?-module M torsion-free if me φθ for all non-zero m e M and non-zero-divisors c of R. However, the following approach used in [G] proved more successful: An i?-module is non-singular if ml Φ 0 for all 0 Φ m e M and all essential right ideals / of R. The ring R itself is right non-singular if it is non-singular as a right i?-module.
A right non-singular ring R is strongly non-singular, if the finitely generated non-singular /{-modules are exactly the finitely generated submodules of free modules. For instance, every semi-prime ring of finite left and right Goldie-dimension is strongly non-singular [G, Theorems 3.10 and 5.17] . Furthermore, these finite dimensional rings for ^4-projective resolutions. In particular, there exist abelian groups A and G with S A (G) = G which admit an v4-projective resolution
0->U->® I A-^G-+0in
which U is not an epimorphic image of an ^-projective group. It is the goal of Section 3 to characterize the abelian groups which are well-behaved with respect to ^t-projective resolution in the sense that S A (U) = U in every exact sequence 0 -• U -> φ 7 A -• G -* 0. In view of [A7, Theorem 2.8], we address this problem in the case that A is self-small and flat as an E(A)-module, and show that an abelian group G has the previously stated property exactly if it is ^4-solvable (Proposition 3.2). This result allows us to extend the definition of projective dimension to yί-solvable groups G.
Ulmer first introduced the class ^ of ^-solvable groups in [U] as a tool to investigate abelian groups which are flat as modules over their endomorphism ring. Another application of ^4-solvable groups was obtained in [A5] and [A7] where the consideration of SΓ A yielded partial answers to [F, Problem 84a and c] . The same papers also showed that the restriction that A is flat as an i?(^)-module is essential in the discussion of ^-solvable abelian groups [A7, Theorem 2.2] . Moreover, Hausen used methods similar to the ones used in [A5] and [A7] and some of the results of [A3] to give a partial answer to [F, Problem 9] in [H] .
In Section 4, we turn our attention to a class of abelian groups which was first introduced by Arnold and Murley in [AM] : An abelian group G is locally A-projective if every finite subset of G is contained in an ^-projective direct summand of G. [AM, Theorem III] yields that the categories of locally ^-projective abelian groups and locally projective right 2s(v4)-modules are equivalent if E{A) is discrete in the finite topology. Since we frequently use the same category equivalence, we assume that A is discrete in the finite topology.
The module-theoretic results of this paper enable us to investigate the structure of locally ^4-projective groups in the case that E{A) is not hereditary. Our first result shows that a locally ^4-projective group G has ^4-projective dimension at most n if there exists an exact sequence ΦN,,
Although the class of locally ^-projective groups is not closed with respect to subgroups U which satisfy S A (U) = t/, there is a special type of subgroups for which this is true: (Theorem 4.3) A subgroup H of an abelian group G with S A (G) = G is A-pure if S A (H) = H and (H,φo(A) ,...,φ n (A))/H is isomorphic to a subgroup of an Aprojective group of finite Λί-rank for all φ^...,φ n e Hom(^4,G). Apurity naturally extends the concepts of {^4}* -purity which have been introduced in [W] and [A3] .
We adopt the notations of [F] and [G] . All mappings are written on the left. (a) A non-singular R-module M t which is generated by strictly less than \< n many elements for some n < ω, has projective dimension at most n.
Without loss of generality, we may assume that n > 1. Suppose that M is countably generated. Since R is a strongly nonsingular, semi-hereditary ring, M = {J n <ω p n where 0 = Po C P { C ••' is a chain of finitely generated projective submodules of M. By Lemma 2.1, p.d. M < 1.
We proceed by induction and assume that M is generated by elements {x v \v < ω n }. Define MQ = {0}, Λf Q+1 = (M a ,x a ), and M λ = Uv^Mv if λ is a limit ordinal. The projective dimension of M a is at most n for all a < ω n since M a is generated by at most ω n -\ many elements. By Lemma 2.1, p.d. M <n + \.
We now turn to locally projective modules over arbitrary rings.
THEOREM 2.3. A locally projective module M over a ring R has projective dimension at most n if it is generated by at most K n many elements.
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Proof. If n = 0, choose a countable generating set {x n \n < ω} for M with XQ = 0. For every projective direct summand P of M, there is a free i?-module (?(P) such that /> Θ Q(P) is free. We set M = M © |φ{ 2(^)1^ is a projective summand of Af} | .
To see that every finite subset {w\,... 9 w n } of Af is contained in a finitely generated free direct summand of Af, write Wi = α, + ft, for / = \ 9 ... 9 n 9 where α z G Af and ft/ G 0{β(^)l^ a projective direct summand of Af}. There are projective direct summands Po,...,P m of Af such that a 0 ,..., a n G P o and b u ..., b n G Q(Λ) © © β(P w ). If Po £ {Λ,...,/^}, then we may assume P o = P x . The module Po®Q(P\)®'' ®Q{Pm) is a free direct summand of Af which contains {w\,... 9 w n }.
In the other case, consider the direct summand
In either case, there exists a finitely generated free direct summand V of Af which contains {w\ 9 ... 9 w n }. Set C/Q = {0}, and suppose that we have constructed an ascending chain UQ C c U n of finitely generated free direct summands of Af such that {xo,...,Xi} C C// for / = 0,...,«. By the results of the previous paragraph, there exists a finitely generated free direct summand C/ Λ+ i of Af which contains U n andx Λ+ i. If we write C/ Λ+1 = U n ®V n , then Af C |J«< ω ^« -Φ«<ω ^Λ Since Af is a direct summand of Af, it also is one of the projective module \J n<ω U n . This completes the proof in the case n = 0.
Assume that the result fails for a minimal positive integer n. Let {x v \v < ^} be a generating set of Af, and suppose that we have constructed a smooth ascending chain {M ι/ } 1/<a of submodules of Af for some a < ω n which are generated by less than tt n many elements and have the following two properties: Every finite subset of M v is contained in a projective direct summand N of M which satisfies N c M v \ and x v G M v +\ for all v < a.
We set Af 0 = {0} and M a = [j p<a M v if a is a limit ordinal. In the case α = i/+l,we choose a generating set Z α of M® = (M Vy x v ) whose cardinality is less than N Λ . For every finite subset 7 of Z α , there is a projective direct summand iVy of Af which contains Y. Since Λ^y is a direct sum of countably generated i?-modules by Kaplansky's Theorem [K, Proposition 1.1], we may assume that N γ itself is countably generated. Consequently, the submodule M\ = (Nγ\Y c Z α , |Γ| < oc) of Af is generated by less than N w many elements. Inductively, we construct an ascending chain Proof, (a) Suppose that U is an ^-closed submodule of the locally projective module M. For every finite subset X of £/, there exists a projective direct summand V of M which contains X. Since R is right semi-hereditary, V is a direct sum of finitely generated modules by [Ab] . Consequently, we may assume that V itself is finitely generated.
The module V/(V n £/) = (V, U)/U is finitely generated and nonsingular. Because R is strongly non-singular and right semi-hereditary, Vπ U is a projective direct summand of V which contains X. Finally, if we observe that V is a direct summand of M, then V Π U is a direct summand of U. Therefore, U is locally projective.
(b) It remains to show that a locally projective module M has the splitting property for ^-closures of finitely generated submodules. If U is a finitely generated submodule of M, then there exists a finitely generated projective direct summand V of M which contains U by (a). As in the proof of that result, the ^-closure of U is a direct summand of V. Proof. By [G, Theorem 3 .10], a semi-prime right and left finite dimensional ring is strongly non-singular. Therefore, it suffices to show (b) => (a): Let / be a finitely generated right ideal of R. There exists an exact sequence 0 -> U -> 0 W R -> / -• 0 for some n < ω. Since (ΘΛ R)/U is non-singular, £/ is a direct summand of (0 Λ i?) by (b). Consequently, / is projective. COROLLARY 2.6. Lei R be a strongly non-singular, right semihereditary ring. A ,9*-closed countably generated submodule U of a locally projective module is projective. In particular, the last result shows that a subgroup B of an Asolvable group which satisfies S A (B) = B is ^-solvable if A is flat over E(A). Under the same conditions on A, every ^4-balanced exact sequence 0->2?->C-•(?-•() such that C is ^4-solvable satisfies M = H A (G) and θ(β) = ΘQ. Therefore, we obtain an exact sequence
^4-Projective resolutions. Let

maps ΘQ'. T A H A (G) -• G and ΦM ' M -• H A T A (M) which are given by the rules ΘQ{Φ®CI) = Φ(a) and [(/>Λ/(m)](α) = m Θ<z for all a e A, φ e H A (G) and me M. Finally, an exact sequence 0 -+ B ->C-•(?->0of abelian groups is
A-balanced if the induced sequence 0 -+ 7^(5) ~> H A (C) -+ /^(G 1 ) -^ 0
-> T A H A (B) hβ^ T A H A (G) H G -> 0.
ULRICH ALBRECHT PROPOSITION 3.2. Let A be a self-small abelian group which is flat as an E(A)-module. The following conditions are equivalent for an abelian group G with S A (G) = G:
(
c) Every epimorphism ΦQ: PQ-^> G where PQ is A-projective extends to a long exact sequence
in which P n is A-projective for all n < ω. In the next part of this section, we introduce the concept of an Aprojective dimension for 4-solvable groups. In view of Proposition 3.2, we assume, that A is self-small and flat as an 2s (4) Since both, the C//' s and the P/'s, are ^-solvable, we
As in the case of modules this suffices to show that the following is well-defined:
An ^-solvable group G has A-projective dimension at most n if there exists an exact sequence O ^P n^' -^Po^G-+O such that PQ, ..., P n are ^4-projective, and the induced sequences
are ^-balanced for / = 0,..., n -1. We write ^4-p.d. G < n in this case. Otherwise, we say that G has infinite A-projective dimension and write ^4-p.d. G = oo. Our next result relates the ^-projective dimension of an ^4-solvable group G to the projective dimension of the £'(^)-module H A (G) . PROPOSITION 
Let A be a self small abelian group which is flat as an E(A)-module. IfG is an A-solvable abelian group, then
Λ-p.d. (? = p.d. H A (G).
Proof. Since an ^-solvable group G is ^4-ρrojective iff H A (G)
is
-> T A (U) -7^(P) -, 7^/^(G) -is ^-balanced exact, and U = H A T A (U). Consequently, A -p.d. T A (U)
< n -1. Hence, G has ^4-projective dimension at most n.
As a first application of the last result, we give an upper estimate for the y4-projective dimension of an yl-torsion-free group provided that A is self-small and flat as an E{A)-module and has a strongly nonsingular right semi-hereditary endomorphism ring: Following [A8], we call an abelian group G with S A (G) 
• G -• 0 such that G is ^-solvable is ^-balanced if A is faithfully flat as an £'(^4)-module; i.e. A is a flat E(A)-module, and IAφ A for all proper right ideals / of E(A).
[A7, Theorem 2.8] shows that for every cotorsion-free ring R there is a proper class of abelian groups A with E(A) = i?, which are faithfully flat as an is (^4)-module, and whose endomorphism ring is discrete in the finite topology. On the other hand, the group Z Θ ϊ p is not faithful although it is self-small and flat as an 2s(.4)-module, [Ar2, Example 5.10]. 
(a) If E(A) has right global dimension n < oo, then there exist a subgroup U of an A-projective group with S A (U) -U and A-p.d. U = n-l. (b) If E(A) has infinite global dimension, then there exists a subgroup U of an A-projective group with S A (U) = U and A-p.d. U = oo.
Proof. The global dimension of E(A) is the supremum of the projective dimensions of modules of the form E(A)/I where / is a right ideal of E(A)
.
,n<ω
4. Locally ^4-projective groups. The combination of the results of Sections 2 and 3 allows to give a more precise estimate of the Aprojective dimension of locally ^4-projective groups than we can obtain from Corollary 3.5: THEOREM 
Let A be an abelian group which is flat as an E(A)-module and has an endomorphism ring which is discrete in the finite topology. A locally A-projective group G has A-projective dimension at most n if it is an epimorphic image ofφ ωn A.
Proof. Since G is an epimorphic image of 0 ω^ A, there exists a family {φv}v<ω n Q H A {G) such that G = (φ v (A)\v "< ω n ). Moreover, we can find a finite subset X of A such that {a e E(A)\a(X) = 0} = 0. We show that G is an ^-balanced epimorphic image of a group isomorphic to a direct summand of 0 ω^ A. 
.,φ ι/m (X))
and write G = V@W\. Since H A (V) is projective, Kaplansky's Theorem, [K, Proposition 1.1], yields a decomposition H A (V) = φ ye y Pj where Pj is countably generated for all j e J. Hence, we can choose V in such a way that it is isomorphic to a direct summand of ® ω A.
We show that H A {V) contains ψ{A) for every map ψ G H A {G) which satisfies ψ(X) C V. Denote the projection of G onto V with kernel W\ by π. If there is an element a of A such that (1 -π) ψ(a) ± 0, then we can find a map δ e Hom((j,^4) such that δ{\ -π)ψ(a) Φ 0 because (1 -π)ψ(a) is contained in an ^4-projective direct summand of G. The map δ(l -π)ψ is a non-zero element of E(A) with 5(1 -π)ψ(X) = 0 whose existence contradicts the choice of X.
Consequently, ψeH A (V).
For every finite subset Y of {φ v \v < ω w }, we choose a direct summand Vγ of G, which contains φ(X) for all maps φeY and is isomorphic to a direct summand of 0 ω ^4. Let SDΐ be the collection of all these and μ(A). Thus, μ G H A (Vγ) . This shows that the sequence 0 -> kerz/ -+ W ^> G -+ 0 is ^-balanced. Furthermore, W 7 is isomorphic to a direct sum of at most N Λ abelian groups which are direct summands of φ ω A. Therefore, the ,4-rank of W is at most N Λ .
Consequently, H A {G) is a locally projective right £'(^4)-module which is generated by at most N rt elements. Since the induced sequence It also allows to recapture the following property of homogeneous separable abelian groups G [Fl, Proposition 87 (2) On the other hand, we have a decomposition E(A) = J\ φ /2 where /! = {σ e £(4)|0σ = 0} ^ 0 and J 2 = £(Λ) because of / = E(A) and 0α = 0. Then, E{A) contains an infinite family of orthogonal idempotents which is not possible by the hypotheses on A. Hence, φ is an isomorphism, and / = E(A).
Finally, S{A I ) e TL(Λ) yields that Θ SA ( A I) is an isomorphism because of (a). Proof. Denote the ring Y[ n<ω Q n by S°R where Q n is the field of quotients of R n for all n < ω. It is self-injective and regular; and R is an essential ϋ-submodule of S°R. Thus, S°R is the maximal ring of quotients of R by [G, Theorem 2.10] . Suppose x = (r~ιs n ) n<ω e S°R where r n = 1 if s n = 0 and (r n ,s n ) = 1 otherwise. If r = (m n ) n<ω G R with rx G R, then r n \m n for all n < ω. Thus, {r G i?|rx Eί} = {^n)n<ωR is a finitely generated ideal of R. By [G, Theorem 3 .10], R is a strongly non-singular ring.
Moreover, let X\,..., x m be in i?, say JC, = (Xi 9 n) n <ω for / = 1,..., ra. We set //i = ( Suppose, that E is an essential ideal of R. We denote the embedding into the ith coordinate of R by <J Z . If n n (E) = 0 for some n < ω, then £ Π δ n (R n Proof. Let / be the ideal (2,...) R + [0 ω Z] of R. If / were projective, then it would be finitely generated by Sandomierski's Theorem, [CH, Proposition 8.24 ] since it contains the cyclic essential submodule (2,... )R. Hence, we can find an index n$ < ω such that m n is even for all elements (w/)/< ω € / and all indices no < n < ω. However, because of 0 ω ZC/, this is not possible. Therefore, / is not projective; and R is not hereditary.
By [DG, Theorem 3.3] in conjunction with [A7, Theorem 2.8], there exists a proper class of abelian groups A with E(A) = l ω which are faithfully flat and have the additional property that E(A) is discrete in the finite topology.
However, the groups considered in this paper need not be torsionfree: EXAMPLE 5.3. Let A = Y[{l/pl is prime}. Then, E(A) is strongly non-singular, semi-hereditary and discrete in the finite topology; and A is flat as an E(A)-module. However, E(A) is not hereditary.
Proof. As a product of fields, E{A) is self-injective. By [O2] , a hereditary, self-injective ring is semi-simple Artinian. But this is not the case for E(A).
